Abstract. This paper studies the notion of star and semistar operations over a polynomial ring. It aims at characterizing when every upper to zero in R[X] is a * -maximal ideal and when a * -maximal ideal Q of R[X] is extended from R, that is, Q = (Q ∩ R) [X] with Q ∩ R = 0, for a given star operation of finite character * on R[X]. We also answer negatively some questions raised by Anderson-Clarke by constructing a Prüfer domain R for which the v-operation is not stable.
Introduction
Star operations, as the t-closure, the w-closure and the v-closure (or divisorial closure) are an essential tool in modern multiplicative ideal theory for characterizing and investigating several classes of integral domains. For an integral domain R with quotient field K, If f ∈ K[X] is an irreducible polynomial, then we call the prime ideal P = f K[X] ∩ R[X] an upper to zero. Uppers to zero have been used by many authors to characterize ring-theoretic properties. For example, a domain R is Prüfer if and only if P ⊆ M [X] for each upper to zero P in R[X] and each maximal ideal M of R, [14, Theorem 19.15] . A corresponding result exists for Prüfer v-multiplication domains (P vM Ds). A domain R is a P vM D if and only if R is an integrally closed U M T -domain, [11, Proposition 2.6] . U M T -domains, that is, domains R such that every upper to zero in the polynomial ring R[X] is t-maximal were introduced in [12] and studied in [5] , [6] , [7] and investigated in greater detail in [8] . Recently, E. Houston and M. Zafrullah introduced and studied the notion of U M V -domains, that is, domains R such that every upper to zero in R[X] is a maximal divisorial ideal ( [13] ). Also It's well-known that for each nonzero fractional ideal I of R, for each g ∈ Q, where * is the star operation of finite character on R induced by * (Proposition 2.3). This characterization leads us to construct a star operation of
with Q ∩ R = 0. We closed this note by answering negatively some questions cited in [1] . Precisely, we construct a Prüfer domain R such that the v-operation on R is not stable.
Throughout R is an integral domain with quotient field K,F (R) denote the set of all nonzero R-submodules of K, F (R) denote the set of all nonzero fractional ideals of R, i. e. E ∈ F (R) if E ∈F (R) and dE ⊆ R for some 0 = d ∈ R and f (R) the set of all nonzero finitely generated R-submodules of K. A (semi)star operation on R is a map * :F (R) −→F (R), E → E * satisfying the following properties for each E, F ∈F (R) and each 0 = a ∈ K:
In the particular case where R * = R, we say that * | F (R) is a star operation on R. A (semi)star operation * on R is said to be of finite character (or of finite type) if
star operation of finite character on R called the (semi)star operation of finite character associated to * . Obviously, * is of finite character if and only if * = * f . A nonzero ideal I is said to be a * ideal if I = I * and a * -prime ideal is a prime ideal which is a * -ideal. It's well-known that if * is a star operation of finite character and I is an integral * -ideal, then I is contained in a * -prime ideal and a minimal prime ideal over a * -ideal is a * -prime ideal. We recall that the v-operation is the largest star operation on R and the t-operation is the largest star operation of finite character on R. Finally, we use the notation * -Max(R) to denote the set of all * -maximal ideals of R, that is, * -prime ideals of R maximal for the inclusion and for a nonzero polynomial f ∈ R[X], c(f ) is the content of f , that is, the ideal of R generated by all coefficients of f .
Main results
We start with the following proposition showing that every (semi)star operation * on the polynomial ring R[X] induces a (semi)star operation on R. We often refer to it as * . Proposition 2.1. Let R be an integral domain, X an indeterminate over R and Proof. * is well-defined. Indeed, let E ∈F (R) and let x, y ∈ E * and 0 = a ∈ R.
It follows that * is a semistar operation on R. Now, Let I be a nonzero fractional ideal of R. By the proof of (
Assume that * is of finite character. Let E ∈F (R) and let x ∈ E * . Then
Since * is of finite character, then there exists a finitely generated
and let
) and
. Hence x ∈ I * and therefore * is of finite character.
Remark 2.2. If * denotes the t-, respectively v-, respectively w-operations on R[X], then * is the t-, respectively v-, respectively w-operation on R. Indeed, by [10, Proposition 4.3] , for each I ∈ F (R), I * :
The next proposition characterizes * -maximal ideals of R[X] that are extended from R for a given star operation of finite character on R[X]. 
Proof.
Since * is of finite character, then there exists a finitely generated ideal I ⊆ c(Q) such that I * = R. So there exist polynomials
Clearly g ∈ Q and c(g) * = R, a contradiction. It follows that c(Q) * R. 
(ii) =⇒ (iii) Let Q be an upper to zero in R[X]. By (ii), c(Q) * = R. Since * is of finite character, then there exists a finitely generated subideal I of c(Q) such that I * = R. So there exist polynomials f 1 , . . . , f n ∈ Q such that (c(
Clearly g ∈ Q and c(g) * = R, as desired. . Since Q is a t-prime ideal, then Q is a * -ideal.
Before giving an example showing that a * -maximal ideal Q of R[X] with Q ∩ R = 0 is not necessarily extended from R and that the assertions of Theorem 2.4 are not equivalent, we need the following two propositions in which we construct a star operation of finite character that will be crucial in constructing our example. Proposition 2.5. Let R be an integral domain and consider the map * :F (R) → F (R), E → E * = {(EJ : J)|J runs over the set of finitely generated fractional ideals of R}. Then * is a semistar operation of finite character on R.
Moreover, if R is integrally closed then * | F (R) , is a star operation of finite character on R and * − M ax(R) = M ax(R).
Proof. * is well-defined. Indeed, let E ∈F (R) and let x, y ∈ E * and a ∈ R. Then there exist J 1 and J 2 in f (R) such that xJ 1 ⊆ EJ 1 and yJ 2 ⊆ EJ 2 . Hence xJ 1 J 2 ⊆ EJ 1 J 2 and yJ 1 J 2 ⊆ EJ 1 J 2 . Since J 1 J 2 ∈ f (R) and (x − y)J 1 J 2 ⊆ EJ 1 J 2 , then x − y ∈ E * . Also axJ 1 ⊆ EJ 1 and so ax ∈ E * . Hence E * ∈F (R) as desired.
Let 0 = a ∈ K and let E ∈F (R). Let x ∈ (aE) * . Then xJ ⊆ aEJ for some J ∈ f (R). Hence xa −1 J ⊆ EJ. So xa −1 ∈ E * and then x ∈ aE * . Conversely, if x ∈ aE * , then xa −1 ∈ E * . So xa −1 J ⊆ EJ for some J ∈ f (R). Hence xJ ⊆ aEJ. So x ∈ (aE) * . It follows that (aE) * = aE * .
It's clear that E ⊆ E * (just take J = R) and if E ⊆ F , then E * ⊆ F * , for if xJ ⊆ EJ for some J ∈ f (R), then xJ ⊆ F J.
Let E ∈F (R) and let x ∈ E * * . Then xJ ⊆ E * J for some J ∈ f (R). Set
Then A ∈ f (R) and z ij A ⊆ EA for each i, j. So xJA ⊆ EJA. Since AJ ∈ f (R), then x ∈ E * . Hence E * * ⊆ E * and therefore E * * = E * . It follows that * is a semistar operation on R.
Let E ∈F (R) and let x ∈ E * . Then xJ ⊆ EJ for some J ∈ f (R). Set
z ij b j , where z ij ∈ E. Let F be the submodule of K generated by all z ij . It's clear that F is a finitely generated submodule of E and xJ ⊆ F J. So x ∈ F * , as desired.
Assume that R is integrally closed. Then it's clear that
is a star operation of finite character. Now, * −M ax(R) = M ax(R). Indeed, let Q be a maximal ideal of R. If Q * = R, then 1 ∈ Q * . So there exists a finitely generated ideal J of R such that J ⊆ JQ. Hence J = JQ which is a contradiction by [15, Theorem 76] . By maximality Q = Q * . Hence Q is * -maximal. Conversely, if Q is * -maximal, then Q is prime. So Q ⊆ M for some maximal ideal M of R. By the first step M is * -maximal. Hence Q = M and therefore * − M ax(R) = M ax(R). 
(2) Since R is a P ID, then R is divisorial and so R has exactly one star operation which is the trivial operation d. 
). If Q∩R = 0, i.e. Q is an upper to zero, then Q is t-prime. So Q ⊆ N for some N ∈ t−M ax(R[X]). Since N is a * -ideal and
Since q is a * -ideal and p is * -maximal, then p = q. Hence p ∈ t − M ax(R). Conversely, let p ∈ t − M ax(R). Since p is a * -ideal, then p ⊆ q for some q ∈ * − M ax(R).
and so q is * -maximal. Hence q is t-maximal and therefore Q is t-maximal. So Q t R[X], as desired. Proof. i) =⇒ ii) Clearly R is a U M T -domain. Indeed, let Q be an upper to zero in R[X]. Then Q is a t-ideal. So Q ⊆ N for some t-maximal ideal N of R [X] . Since N is a * -ideal and Q is * -maximal, then Q = N . Hence Q is t-maximal.
, then there exists g ∈ Q such that c(g) t = R. Let P be a prime ideal of R[X] such that gR[X] ⊆ P ⊆ Q and P minimal over gR [X] . Then P is t-prime (since P is minimal over a principal, so a t-ideal). Hence P Q. If P ∩ R = 0, then P is an upper to zero. By i), P is * -maximal and so P = Q, which is absurd. Hence P ∩ R = p = 0. Let N be a t-maximal ideal of R[X] such that P ⊆ N . 
